Abstract. We study graded symmetric algebras, which are the symmetric monoids in the monoidal category of vector spaces graded by a group. We show that a finite dimensional graded division algebra whose dimension is not divisible by the characteristic of the base field is graded symmetric. Using the structure of graded simple (semisimple) algebras, we extend the results to these classes. In particular, in characteristic zero any graded semisimple algebra is graded symmetric. We show that the center of a finite dimensional graded division algebra is often symmetric.
Introduction and preliminaries
Frobenius algebras are algebraic objects that arose from representation theory of groups, but they are also present in other areas of mathematics, for example in the theory of Hopf algebras and quantum groups, in the theory of compact oriented manifolds, in topological quantum field theory, etc., see [6] . A finite dimensional algebra A over a field k is Frobenius if A and its k-dual A * are isomorphic as left A-modules, or equivalently, as right A-modules. There are certain Frobenius algebras having more symmetry and also a rich representation theory; these are the symmetric algebras. A is called symmetric if A and A * are isomorphic as A, A-bimodules, or equivalently, if there exists a linear map λ : A → k such that λ(ab) = λ(ba) for any a, b ∈ A, and Ker λ does not contain non-zero left ideals. It is known that finite dimensional semisimple algebras are symmetric, see [8] . An equivalent characterization of Frobenius algebras, given in [1] , opened the way to study Frobenius algebras in monoidal categories, which was initiated in [9] , [11] , see [2] for more recent developments. Symmetric algebras have been also considered in monoidal categories with more structure (existence of duals), for example in sovereign categories, see [5] . It seems to be an interesting problem to understand the structure of Frobenius (symmetric) algebras in certain monoidal categories. A study in this direction was done in [3] for the category of vector spaces graded by an arbitrary group G. A finite dimensional G-graded algebra A = ⊕A g is symmetric in this category (we shortly say that A is graded symmetric), if A and A * are isomorphic as G-graded A, A-bimodules. Here the grading of A * is given by (A * ) g = {f ∈ A * | f (A h ) = 0 for any h = g −1 }. Taking into account what happens in the monoidal category of vector spaces, it is a natural question to ask whether finite dimensional graded semisimple algebras are graded symmetric, i.e. symmetric monoids in the category of graded vector spaces. The first step is to look at graded division algebras. It was proved in [3, Theorem 5.5 ] that a graded division algebra A with the property that Cen(A e ) = Cen(A) ∩ A e is graded symmetric, and it was asked whether any graded division algebra is graded symmetric. We show that this is indeed the case, provided that the characteristic of k does not divide the dimension of A, in particular it is always true in characteristic zero. We do not know any example of graded division algebra which is not graded symmetric. Using the structure of graded semisimple algebras, we uncover a class of such objects that are graded symmetric; in particular any finite dimensional graded semisimple algebra is graded symmetric if char k = 0. Finally, we show that the center of a G-graded division algebra is a symmetric algebra, provided that char k does not divide |G|.
We work over a field k. If G is a group, a G-graded algebra is a k-algebra A with a decomposition of k-spaces A = ⊕ g∈G A g such that A g A h ⊆ A gh for any g, h ∈ G. A is called a graded division algebra if any non-zero homogeneous element is invertible. In this case A e is a division algebra, where e is the neutral element of G. For notation and terminology about graded algebras we refer to [10] . We recall from [3] that a finite dimensional G-graded algebra A is graded symmetric if there exists a linear map λ : A → k such that λ(ab) = λ(ba) for any a, b ∈ A, λ(A g ) = 0 for any g = e, and Ker λ does not contain non-zero graded left ideals.
Graded division algebras
If A is a k-algebra, we denote by [A, A] the k-subspace of A spanned by all the commutators [a, b] = ab − ba, with a, b ∈ A. Lemma 2.1. Let A be a k-algebra and let k ⊂ K be an extension of fields. 
, which is not possible, since tr(1) = n = 0 in ℓ, and the trace of any commutator in M n (ℓ) is zero.
Remark 2.4. If char k = 0, the Corollary above applies to any finite dimensional division algebra. The same happens if char k = p > 0, provided that k is a perfect field. This follows from a result of Albert which says that the Brauer group of a perfect field has no p-torsion, see the comment in [4, Theorem 2.5]. Now let A = ⊕ g∈G A g be a finite dimensional G-graded division algebra over k. The support supp(A) = {g ∈ G|A g = 0} is a subgroup of G, so there is no loss of generality if we assume that supp(A) = G. Since any homogeneous component of A contains an invertible element, A is a crossed product of the k-division algebra D = A e and the group G. Choose for any g ∈ G an invertible element u g ∈ A g , such that u e = 1. Define
gh for any g, h ∈ G Denote σ(g)(a) = g a for any g ∈ G and any a ∈ A. Then one can consider the crossed product D σ α [G], which is the free left D-module with basis {g| g ∈ G}, with multiplication given by
Moreover the linear map ag → au g defines an isomorphism of graded algebras D σ α [G] ≃ A. Proposition 2.5. Keep the above notation and ℓ be the center of D. Assume that char k ∤ dim ℓ A. Then there exists a non-zero linear map λ : D → k such that λ(ab) = λ(ba) for any a, b ∈ D and λ is G-invariant, i.e. λσ(g) = λ for any g ∈ G.
Proof.
Finally, we see that λ(1) = |G|µ(1) = 0.
Theorem 2.6. Let A be a finite dimensional G-graded division algebra over k such that char k ∤ dim ℓ A, where ℓ is the center of A e . Then A is graded symmetric. In particular (i) A is always graded symmetric if char k = 0;
. The set {g ∈ G| ord(g) = 2} can be written as a disjoint union of sets of the form {g, g −1 }, so we can choose the u g 's such that u g −1 = u −1 g for any g with ord(g) > 2. Then α(g, g −1 ) = 1 and g −1 ( g a) = a for any such g and any a ∈ D.
Let λ : D → k be a linear map as in Proposition 2.5. Define the map λ :
It is clear that λ is non-zero and linear. Let
Since λ is non-zero, it is clear that so is λ, and then Ker λ does not contain non-zero left graded ideals of D σ α [G] . On the other hand, λ(D σ α [G] g ) = 0 for any g = e, so λ makes D σ α [G] a graded symmetric algebra. Remark 2.7. It is possible that, with the notation in the previous theorem, we have char k | dim ℓ A, but A is graded symmetric.
We first note that if A is a G-graded division algebra, then A is graded symmetric if and only if the k-subspace spanned by all the commutators [a, b] with a ∈ A g , b ∈ A g −1 and g ∈ G, is a proper subspace of A e . We can give now the following two examples.
If k is a field of characteristic p > 0, and C p is the cyclic group of order p, then the group algebra A = kC p , with the usual C p -grading, is easily seen to be graded symmetric; however char k | dim k A.
A second example is the cyclic algebra A = (F p p /F p , σ, 1), where σ is the Frobenius automorphism of F p p . Denote K = F p p and k = F p . Then A = K ⊕ Ky ⊕ . . . ⊕ Ky p−1 , with relations ya = σ(a)y for any a ∈ K, and y p = 1. We note that A is just a skew group algebra of K and the cyclic group C p , with C p acting on K via σ. We see that A has a C p -grading given by the above decomposition of A as a direct sum, and A is graded symmetric if and only if the k-subspace V of K spanned by all ab p i − ba p p−i , with a, b ∈ K and 1 ≤ i ≤ p − 1, is not the whole of K. Let K = k(x), with x p = x + 1. Then V is spanned by all the elements of the above type, with a = x u , b = x v , and 0 ≤ u, v ≤ p − 1. Since
It is easy to see by induction on 0 ≤ h ≤ p − 2 that x h ∈ V ; indeed, for the induction step consider the element of V obtained for u = 0, v = h + 1. On the other hand, a direct computation shows that x p−1 does not show up in any x u (x + i) v − x v (x − i) u , more precisely any such element is spanned by 1, x, . . . , x p−2 ; the key step in this computation is that
is equal to (−1) i modulo p. We conclude that A is graded symmetric.
Using the same approach as in the proof of Theorem 2.6, we can give a new proof to a result from [3] . Denote by Cen(A) the center of A. 
Thus λσ(g) = λ, and the proof continues exactly as for Theorem 2.6, using this λ.
Graded simple algebras
In this section we consider finite dimensional graded simple algebras A, and we are interested whether these are graded symmetric. We recall that A is graded simple if 0 and A are the only graded ideals. It is known that in this case A is a direct sum of minimal graded left ideals, isomorphic up to a graded shift, see [10, Section 2.9] .
By the graded version of Wedderburn's Theorem, see [10, Theorem 2.10.10], a finite dimensional graded simple algebra is isomorphic to a graded algebra of the form M n (∆)(σ 1 , . . . , σ n ), for some positive integer n, some graded division algebra ∆, and some σ 1 , . . . , σ n ∈ G. We recall that M n (∆)(σ 1 , . . . , σ n ) is just the matrix algebra M n (∆) with the G-grading such that the homogeneous component of degree g is
Theorem 3.1. Let ∆ be a graded symmetric G-graded division algebra, and let σ 1 , . . . , σ n ∈ G, where n is a positive integer. Then M n (∆)(σ 1 , . . . , σ n ) is graded symmetric.
Proof. Denote A = M n (D)(σ 1 , . . . , σ n ). Let λ : ∆ → k be a non-zero linear map such that λ(ab) = λ(ba) for any a, b ∈ ∆, λ(∆ g ) = 0 for any g = e. Define Λ : A → k by Λ(x) = λ(tr(x)), where tr is the usual trace map of M n (∆)
On the other hand, if x = (a ij ) 1≤i,j≤n and y = (b ij ) 1≤i,j≤n , then tr(xy) = i,j a ij b ji and tr(yx) = i,j b ji a ij , showing that Λ(xy) = λ(tr(xy)) = λ(tr(yx)) = Λ(yx)).
Finally we show that Ker Λ does not contain non-zero graded left ideals. Indeed, if Λ(Ax) = 0, where x = (a ij ) 1≤i,j≤n is a homogeneous element in A, then 0 = Λ((be ij )x) = λ(be ij ) for any b ∈ ∆, where e ij is the usual matrix unit. Thus λ(Aa ij ) = 0, which shows that a ij = 0. We conclude that x = 0, and then Λ makes A a graded symmetric algebra.
Remark 3.2. In the case where the classes of σ 1 , . . . , σ n in G/Z(G) are equal, there is an isomorphism of graded algebras
The grading on M n (k)(σ 1 , . . . , σ n ) is such that the homogeneous component of degree g is the span of all matrix units e ij for which σ
This is a good grading on the matrix algebra M n (k), and it is known that it is graded symmetric, see [3, Example 6.4] . In this case, the fact that M n (∆)(σ 1 , . . . , σ n ) is graded symmetric also follow from the fact that the tensor product of two graded symmetric algebras is graded symmetric.
Using Theorem 2.6 we obtain the following. Corollary 3.3. Let A be a finite dimensional graded simple algebra such that char k ∤ dim A. Then A is graded symmetric. In particular, A is always graded symmetric if char k = 0.
A graded algebra A is called graded semisimple if the category of graded left A-modules is semisimple, i.e. any object is a sum of simple objects. A graded semisimple algebra is a finite direct product of graded simple algebras, see [10, Section 2.9] . Using Theorem 3.1, we obtain a large class of graded semisimple algebras that are graded symmetric. In particular, we obtain the following.
Corollary 3.4. If k has characteristic zero, then any finite dimensional G-graded semisimple algebra is graded symmetric.
The center of a graded division algebra
Theorem 4.1. Let A be a finite dimensional G-graded division algebra such that char k ∤ |G|. Then the center of A is a symmetric algebra.
, where D = A e , and σ and α are defined in terms of a family (u g ) g∈G of homogeneous elements of A, as in Section 2.
Let R = C A (A e ) = {a ∈ A|ab = ba for any b ∈ A e }, which is a graded division subalgebra of A. We have that R e = C A (A e ) ∩ A e = Cen(A e ) is a field, and R e = Cen(R e ) ⊆ Cen(R). Then by Theorem 2.8 we see that R is graded symmetric. Let H be the support of R; this is a (possibly proper) subgroup of G. Denote K = R e . Then R is isomorphic to a crossed product K τ β [H], where τ : H → Aut k (K) and β : H × H → K \ {0} are defined in terms of a family (v h ) h∈H of homogeneous invertible elements of R, such that v h has degree h, and v e = 1. In particular τ (h)(a) = v h av −1 h = a for any h ∈ H and any a ∈ K, since K ⊆ Cen(R).
The group G acts as automorphisms on the algebra R by φ :
g ; thus φ(g) is just the restriction and corestriction of σ(g) to R. This action is just the Miyashita-Ulbrich action in the particular case of a graded division algebra. The invariant subalgebra with respect to this action is R G = Cen(A).
Let µ : K → k be a k-linear map such that µ(1) = 0, and let λ : K → k, λ(a) = g∈G µ(σ(g)(a)). Clearly λ is k-linear, λ(ab) = λ(ba) for any a, b ∈ K (since K is a field), λσ(g)(a) = λ(a) for any g ∈ G, and λ is non-zero, since λ(1) = |G|µ(1). As τ (h) is the identity, it is obvious that λτ (h) = λ for any h. Then as in the proof of Theorem 2.6, we can construct from λ the map λ : R → k, λ( h a h v h ) = λ(a e ), for any family (a h ) h∈H of elements of K. Moreover, we see that λ is invariant to the G-action. Indeed,
g . It follows that λ(φ(g)(x)) = λ(u g a e u −1 g ) = λσ(g)(a) = λ(a) = λ(x). Now using [8, Exercise 33, page 457], we obtain that R G = Cen(A) is symmetric.
We note that the center of a symmetric algebra is not necessarily symmetric, as the following example shows. Assume that k has characteristic different from 2, and let A be the 4-dimensional algebra generated by c and x, subject to relations c 2 = 1, x 2 = 0, xc = −cx. This is just the underlying algebra of Sweedler's Hopf algebra. Then Cen(A) = k and [A, A] =< x, cx >, so Cen(A ⊕ A * ) ≃ k[u, v]/(u 2 , uv, v 2 ), a commutative local algebra having more than one minimal ideal. We conclude that Cen(A ⊕ A * ) is not even Frobenius, see for example [8, Exercise 14, page 114].
Finally note that if D is a finite dimensional k-division algebra, then D/[D, D] has dimension 1 over the center ℓ of D, so the center of D ⊕ D * is just the trivial extension ℓ ⊕ ℓ * , which is a symmetric k-algebra.
